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Abstract
Noncommutative geometry provides both a unified description of the Standard Model
of particle physics together with Einstein-Hilbert action (in Euclidean signature) and some
tools to go beyond the Standard Model. In this paper, we extend to the full noncommutative
geometry of the Standard Model the twist (in the sense of Connes-Moscovici) initially worked
out for the electroweak sector and the free Dirac operator only. Namely we apply the twist
also to the strong interaction sector and the finite part of the Dirac operator, following the
twist-by-grading procedure for graded spectral triples. We still obtain the extra scalar field
required to stabilize the electroweak vacuum and fit the Higgs mass, but it now has two
chiral components. We also get the additive field of 1-forms already pointed out in the
electroweak model, but with a richer structure. Finally, we obtain a pair of Higgs doublets,
which are expected to combine into a single Higgs doublet in the action formula, as will be
investigated in the second part of this work.
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1 Introduction
Noncommutative geometry [10] provides a mathematical framework in which a single action
formula yields both the lagrangian of the Standard Model of fundamental interactions and the
Einstein-Hilbert action (in euclidean signature). As an added value, the Higgs field is obtained
on the same footing as the other gauge bosons – as a connection 1-form – but a connection
that lives on a slightly generalised notion of space, where points come equipped with an internal
structure. Such “spaces” are described by spectral triples
A, H, D (1.1)
consisting in an algebra A, acting on an Hilbert space H together with an operator D on H
which satisfies a set of axioms [11] guaranteeing that – in case A is commutative and unital
– then there exists a (closed) riemannian manifold M such that A coincides with the algebra
C∞(M) of smooth functions onM. In other terms, a spectral triple with A commutative does
encode all the geometrical information of a (closed) riemannian manifold [13]. These axioms
still make sense when A is noncommutative, and provide then a definition of a noncommutative
geometry as a spectral triple in which the algebra is non necessarily commutative.
The spectral triple of the Standard Model [12] is built upon an “almost-commutative algebra”,
C∞(M)⊗ASM (1.2)
whereM is an even dimensional closed riemannian manifold and ASM a noncommutative matrix
algebra that encodes the gauge degrees of freedom of the Standard Model. As explained in [11],
this non-commutative algebra provides the points of M with an internal structure, in such a
way that the Standard Model actually is nothing but a pure theory of gravity, on a space that
is made slightly noncommutative by multiplying the (infinite dimensional) commutative algebra
C∞(M) with the finite dimensional noncommutative ASM.
Since the discovery of the Higgs boson in 2012, there have been several developments in the
description of the Standard Model in noncommutative geometry. It has been noticed in [5] that
an extra scalar field – usually denoted σ – proposed by particle physicist to cure the instability
of the electroweak vacuum due to the “low mass of the Higgs”, also makes the computation of
the Higgs mass (which is not a free parameter of the model) compatible with its experimental
value. There exist several ways to make this extra scalar field emerge from the mathematical
framework of noncommutative geometry, all of them consisting in some modification of one of
the axioms, the first order condition (e.g. [8, 7, 3, 4, 2], see [9] for a recent review).
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In this paper, we push forward one of these ideas, consisting in twisting the spectral triple of
the Standard Model. Twists have been introduced by Connes and Moscovici in [15] with purely
mathematical motivations. Later, it has been discovered in [18] that a very simple twist of the
Standard Model not only produces the extra scalar field σ, but also an additive field of 1-form
Xµ which turns out to be related with Wick rotation and the transition from the euclidean to
the lorentzian signature [21]. However, in [18] the twist was applied only to the part of the
spectral triple that yields the field σ, namely the subalgebra of ASM describing the electroweak
interaction and the part of the operator D that contains the Majorana mass of the neutrinos.
For simplicity, the subalgebra of ASM describing the strong interaction was left untouched, and
the part of D containing the Yukawa coupling of fermions was not taken into account.
Following the results of [19, 20] in which the twist of gauge theories have been investigated in
a systematic way, we apply the twisting procedure to the whole spectral triple of the Standard
Model. Besides the field content of the Standard Model, we find that the extra scalar σ actually
decomposes into two chiral components σr, σl (proposition 4.5) which are independent under
a gauge transformation (proposition 6.6). We also work out the structure of the 1-form field
Xµ (proposition 5.5), and study how it behaves under a gauge transformation (proposition 6.2).
In brief, imposing the same unimodular condition as in the non-twisted case, we find that the
antiselfadjoint part of the (generalised) 1-form generated by the free Dirac operator /∂ yields
exactly the bosonic content of the Standard Model, as in the non-twisted case. But there is also
a selfadjoint part made of two real 1-form fields and one selfadjoint M3(C)-value 1-form field.
Altogether these three fields compose the 1-form field Xµ.
The complete understanding of the physical meaning of these fields passes through the com-
putation of the fermionic and spectral actions, and will be the object of a second paper [1].
The paper is organised as follows. In section 2 we recall the basics of the spectral triple of
the Standard Model (§2.1), make explicit the tensorial notations employed all along the paper
(§2.2) and use them to write explicitly the Dirac operator, the grading and the real structure
(§2.3). Section 3 deals with the twist. After recalling the procedure of minimal twisting defined
in [19], we apply it to the spectral triple of the Standard Model: the algebra is doubled so as
to act independently on the left and right components of Dirac spinors (§3.1). The grading and
the real structure are the same as in the non-twisted case, and we check explicitly that one of
the axioms (the order zero condition) still holds in the twisted case (§3.2), as expected from
the general result of [19]. Paragraph 3.3 is a brief recalling about twisting fluctuations, that is
the way to generate the bosonic fields. The detail computation of this fluctuations is the object
of section 4 and 5, which contain the main results of this paper. We first work out the Higgs
sector in §4.1. The main result is proposition 4.3 in which we find two Higgs doublets. The
extra scalar field σ is generated in §4.2. Its structure as a doublet of real scalar fields σr, σl is
established in proposition 4.5. In section 5 we compute the twisted fluctuation of the free part
/∂ of the Dirac operator. Useful properties of the Dirac matrices with respect to the twist are
worked out in §5.1. The structure of the 1-form field Xµ is summarised in proposition 5.5 and
yields, in §5.4, the explicit of the twisted fluctuation of the free Dirac operator. In section 6 we
study how all these fields behave under a gauge transformation. After recalling the basics of
gauge transformation for twisted spectral triple (as stabilised in [20]), we apply these techniques
to the gauge and the 1-form fields in §6.1 and to the scalar fields in §6.2. We show in proposition
6.2 that the bosonic fields transform in the correct way, while the 1-form field is invariant, up
to a unitary transformation on the M3(C)-value part. The Higgs doublets as well transform
as expected (proposition 6.5), while the extra scalar field σ is gauge invariant, as shown in
proposition 6.6.
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Notations and important comment regarding the literature:
- The twist we apply here follows the procedure of minimal twisting worked out in [19].
This guarantees that the first order condition is verified in his twisted version, which is
necessary [20] in order to apply the twisted gauge transformation in section 6. The twist
initially used in [18] took into account only the part of the algebra relevant to generate the
field σ. Genuinely generalising it to the whole algebra yields a violation of the first order
condition, as discussed in appendix A.3.
- We work with one generation of fermions only. The extension of our results to three
generations is straightforward and will be discussed in the second part of the work, for the
computation of the action.
- All along the paper, we apply the usual rule of contractions of indices in alternate up/down
positions. Typically the greek indices label the coordinates of the manifold.
2 The non-twisted case
As a preparation to the twisting, we recall in this section the main features of the spectral
description of the Standard Model. Besides the original papers (recalled in the text), a good
place where all the details are extensively discussed are the books [14] and [22] (for a more
physics-oriented presentation).
2.1 The spectral triple of the Standard Model
The usual spectral triple of the Standard Model [6] is the product of the canonical triple of a
(closed) riemannian spin manifoldM of even dimension m,
C∞(M), L2(M, S), /∂ (2.1)
with the finite dimensional spectral triple (called internal)
ASM = C⊕H⊕M3(C), HF = C32n, DF (2.2)
that describes the gauge degrees of freedom of the Standard Model. In (2.1), C∞(M) denotes
the algebra of smooth functions onM, that acts by multiplication on the Hilbert space L2(M, S)
of square integrable spinors as
(fψ)(x) = f(x)ψ(x) ∀f ∈ C∞(M), ψ ∈ L2(M, S), x ∈M, (2.3)
while
/∂ = −iγµ∇µ with ∇µ = ∂µ + ωµ (2.4)
is the Dirac operator on L2(M, S) associated with the spin connection ωµ and the γµs are the
Dirac matrices associated with the riemannian metric g onM:
γµγν + γνγµ = 2gµνI ∀µ, ν = 0,m− 1 (2.5)
(I is the identity operator on L2(M, S) and we label the coordinates ofM from 0 to m− 1).
In (2.2), n is the number of generations of fermions, and DF is a 32n square complex
matrix whose entries are the Yukawa couplings of fermions and the coefficients of the Cabibbo-
Kobayashi-Maskawa (CKM) mixing matrix of quarks and of the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) mixing matrix of neutrinos. Details are given in §2.3, and the representation of
ASM on HF is in §2.2.
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The product spectral triple is
C∞(M)⊗ASM, H = L2(M, S)⊗HF , D = /∂ ⊗ IF + γM ⊗DF (2.6)
where γM is the product of the euclidean Dirac matrices (see appendix A.1) and IF the identity
operator on HF .
A spectral triple (A,H, D) is graded when the Hilbert space comes equipped with a grading
(that is a selfadjoint operator that squares to I) which anticommutes with D. The spectral
triple (2.1) is graded with grading γM. The internal spectral triple (2.2) is graded, with grading
the operator γF on HF that takes value +1 on right particles & left antiparticles, −1 on left
particles & right antiparticles. The product spectral triple (2.6) is graded, with grading
Γ = γM ⊗ γF . (2.7)
Another important ingredient is the real structure, that is an anti-linear operator that squares
to ±I and commutes or anticommutes with the grading and the operator D (the possible choices
define the so-called KO-dimension of the spectral triple). For a manifold, the real structure J
is given by the charge conjugation operator. In dimension m = 4, it satisfies
J 2 = −I, J /∂ = /∂J , J γM = γMJ . (2.8)
The real structure of the internal spectral triple (2.2) is the anti-linear operator JF that exchanges
particles with antiparticles on HF . It satisfies
J2F = I, JFDF = DFJF , JγF = −γFJF . (2.9)
The real structure for the product spectral triple (2.6) is
J = J ⊗ JF . (2.10)
For a manifold of dimension m = 4, it is such that
J2 = −I, JD = DJ, JΓ = −ΓJ. (2.11)
The real structure implements an action of the opposite algebra A◦ onH, identifying a◦ ∈ A◦
with Ja∗J−1. This action is asked to commute with the one of A, yielding the order zero con-
dition
[a, b◦] = 0 ∀a ∈ A, b ∈ A◦. (2.12)
Among the properties of a spectral triple, one particularly relevant for physical models is the
first order condition
[[D, b], a◦] = 0 ∀a, b ∈ A. (2.13)
2.2 Representation of the algebra
To describe the action of ASM⊗C∞(M) on H in (2.6), it is convenient to label the 32n degrees
of freedom of the finite dimensional Hilbert space HF by a multi-index C I α defined as follows.
• C = 0, 1 is for particle (C = 0) or anti-particle (C = 1);
• I = 0; i with i = 1, 2, 3 is the lepto-colour index: I = 0 means lepton, while I = 1, 2, 3 are
for the quark, which exists in three colors;
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• α = 1˙, 2˙; a with a = 1, 2 is the flavour index:
1˙ = νR, 2˙ = eR, 1 = νL, 2 = eL for leptons (I = 0), (2.14)
1˙ = uR, 2˙ = dR, 1 = qL, 2 = dL for quarks (I = i). (2.15)
We sometimes use the shorthand notation `aL = (νL, eL), q
a
L = (uL, dL).
There are 2× 4× 4 = 32 choices of triplet of indices (C, I, α), which is the number of fermions
per generation. One should also take into account an extra index n = 1, 2, 3 for the generations,
but in this paper we work with one generation only and we omit it (we will discuss the number
of generations in the computation of the action [1]). So from now on
HF = C32. (2.16)
An element ψ ∈ H = C∞(M) ⊗ HF is thus a 32 dimensional column-vector, in which each
component ψCIα is a Dirac spinor in L2(M, S).
Regarding the algebra, unless necessary we omit the symbol of the representation and identify
an element a = (c, q,m) in C∞(M)⊗ASM, where
c ∈ C∞(M,C), q ∈ C∞(M,H), m ∈ C∞(M,M3(C)), (2.17)
with its representation as bounded operator on H, that is a 32 square matrix whose components∗
aDJβCIα (2.18)
are smooth functions acting by multiplication on L2(M, S) as in (2.3). Explicitly†
a =
(
Q
M
)D
C
(2.19)
where the 16× 16 square matrices Q, M have components
QJβIα = δ
J
I Q
β
α, M
Jβ
Iα = δ
β
αM
J
I , (2.20)
where
Qβα =
c c¯
q
β
α
, MJI =
(
c
m
)J
I
. (2.21)
Here, the over-bar ·¯, denotes the complex conjugate, m (evaluated at the point x) identifies with
its usual representation as 3 × 3 complex matrices and the quaternion q (evaluated at x) acts
through its representation as 2× 2 matrices:
H 3 q(x) =
(
α β
−β¯ α¯
)
, α, β ∈ C. (2.22)
∗D, J, β are column indices with the same range as the line indices C, I, α (the position of the indices was
slightly different in [18], the one adopted here makes the tensorial computation more tractable).
†The indices after the closing parenthesis are here to recall that the block-entries of A are labelled by the C,D
indices, that is a11 = Q, a22 = M,a21 = a12 = 0.
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2.3 Finite dimensional Dirac operator, grading and real structure
With respect to the particle/antiparticle index C, the internal Dirac operator
DF = DY +DM (2.23)
decomposes into a diagonal and an off-diagonal part
DY =
(
D0
D†0
)D
C
, DM =
(
0 DR
D†R 0
)D
C
(2.24)
containing respectively the Yukawa couplings of fermions and the Majorana mass of the neutrino.
More explicitly, the 16 × 16 matrices D0 and DR are block-diagonal with respect to the
lepto-colour index I
D0 =

D`0
Dq0
Dq0
Dq0

J
I
, DR =

D`R
04
04
04

J
I
, (2.25)
where we write ` for I = 0 and q for I = 1, 2, 3. Each DI0 is a 4×4 matrix (in the flavor index α),
DI0 =
(
0 kI
kI 0
)β
α
where kI :=
(
kIu 0
0 kId
)β
α
, (2.26)
whose entries are the Yukawa couplings of elementary fermions
kIu =
(
kν , ku, ku, ku
)
kId =
(
ke, kd, kd, kd
)
(2.27)
(three of them are equal because the Yukawa coupling of quarks does not depend on the colour).
Similarly, D`R is a 4× 4 matrix (in the flavour index),
D`R =
(
kR
03
)β
α
(2.28)
whose only non-zero entry is the Majorana mass of the neutrino.
In tensorial notations, one has
DR = kR Ξ
Jβ
Iα (2.29)
where
Ξβα :=
(
1
03
)β
α
, ΞJI :=
(
1
03
)J
I
(2.30)
and ΞJβIα is a shorthand notation for the tensor Ξ
J
I Ξ
β
α. Similarly, the internal grading is
γF =

I8
−I8
−I8
I8
 = ηDβCαδJI (2.31)
where the blocks in the matrix act respectively on right/left particles, then right/left antiparti-
cles, and we define
ηβα :=
(
I2
−I2
)β
α
, ηDC :=
(
1
−1
)D
C
(2.32)
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and ηDβCα holds for η
D
C η
β
α. The internal real structure is
JF =
(
0 I16
I16 0
)D
C
cc = ξDC δ
Jβ
Iα cc (2.33)
where cc denotes the complex conjugation and we define
ξDC :=
(
0 1
1 0
)D
C
. (2.34)
3 Minimal twist of the Standard Model
In the noncommutative geometry description of the Standard Model, the bosonic degrees of
freedom are obtained by a so-called fluctuation of the metric, that is the substitution of the
operator D with D +A+ JAJ−1 where
A =
∑
i
ai[D, bi] ai, bi ∈ A (3.1)
is a generalised 1-form (see [11] for details and the justification of the terminology).
As already noticed in [6, 14], the Majorana mass of the neutrino does not contribute to the
bosonic content of the model, for DM commute with algebra:
[γ5 ⊗DM , a] = 0 ∀a ∈ A. (3.2)
However, in order to generate the σ field proposed in [5] to cure the electroweak vacuum insta-
bility and solve the problem of the computation of the Higgs mass, one precisely needs to make
DM contribute to the fluctuation.
To do this, a possibility consists in substituting the commutator [D, a] with a twisted com-
mutator
[D, a]ρ := Da− ρ(a)D (3.3)
where ρ is a fixed automorphism of A. This substitution is the base of the definition of twisted
spectral triple [15] where, instead of asking that [D, a] be bounded for any a (which is one of
the axioms of a spectral triple), one requires that there exists an automorphism ρ such that
the twisted-commutator [D, a]ρ is bounded for any a ∈ A. As shown in [19], starting with a
spectral triple (A,H, D) where A is almost commutative as in (1.2), then the only way to build
a twisted spectral triple with the same Hilbert space and Dirac operator (which, from a physics
point of view, means that one looks for models with the same fermionic content as the Standard
Model) is to double the algebra and make it act independently on the left and right components
of spinors (following actually an idea of [17]). All this is detailed in the next section.
3.1 Algebra and Hilbert space
The algebra A of the twisted spectral triple of the Standard Model is twice the algebra (2.6),
A = (C∞(M)⊗ASM)⊗ C2, (3.4)
which is isomorphic to
(C∞(M)⊗ASM)⊕ (C∞(M)⊗ASM) . (3.5)
It acts on the same Hilbert space H as in the non-twisted case, but now the two copies of
C∞(M) ⊗ ASM act independently on the right and left components of spinors. To write this
action, it is convenient to view an element of H as a column vector with 4×32 = 128 components
(4 being the number of components of a usual spinor in L2(M, S) for m = 4). To this aim, one
introduce two extra-indices to label the degrees of freedom of L2(M, S):
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• s = r, l is the chirality index;
• s˙ = 0˙, 1˙ denotes particle (0˙) or anti-particle part (1˙).
An element a of (3.5) is a pair of elements of (2.6), namely
a = (c, c′, q, q′, m,m′) (3.6)
with
c, c′ ∈ C∞(M,C) q, q′ ∈ C∞(M,H), m,m′ ∈ C∞(M,M3(C)). (3.7)
Following the “twist by grading” procedure described in [19], (c, q,m) acts on the +1 eigenspace
H+ of the grading Γ, whereas (c′, q′,m′) acts on the −1 eigenspace H−. The eigenspace H+ is
the subspace of H corresponding to the indices r, α = 1˙, 2˙ and l, α = 1, 2, while H− is spanned
by l, α = 1, 2 and r, α = 1˙, 2˙. In other terms, a ∈ A acts as in (2.19), but now the two 64× 64
matrices Q, M are tensor fields of components
Qt˙tJβs˙sIα = δ
t˙J
s˙I Q
tβ
sα, M
t˙tJβ
s˙sIα = δ
t˙
s˙M
tβJ
sαI (3.8)
where δtJsI denotes the product of the two Kronecker symbols δ
t
s, δJI . In other terms, both Q and
M act trivially (i.e. as the identity) on the indices s˙t˙, but no longer on the chiral indices st. On
the latter, the action is given by
Qtβsα =
(
(Qr)
β
α
(Ql)
β
α
)t
s
, M tβJsαI =
(
(Mr)
βJ
αI
(Ml)
βJ
αI
)t
s
, (3.9)
with
Qr =
(
c
q′
)β
α
, Ql =
(
c′
q
)β
α
, (3.10)
and
Mr =
(
m⊗ I2 0
0 m′ ⊗ I2
)β
α
, Ml =
(
m′ ⊗ I2 0
0 m⊗ I2
)β
α
, (3.11)
where we denote
c :=
(
c
c¯
)
, m :=
(
c
m
)J
I
, c′ :=
(
c′
c¯′
)
, m′ :=
(
c′
m′
)J
I
, (3.12)
Compared to the usual spectral triple of the Standard Model, Mr/l are no longer trivial in the
flavour index α (see also appendix A.3 regarding the twist used in [18]).
The twist ρ is the automorphism of A that exchanges the two components of ASM, namely
ρ(c, c′, q, q′,m,m′) = (c′, c, q′, q,m′,m). (3.13)
In terms of the representation, one has
ρ(a) =
(
ρ(Q)
ρ(M)
)D
C
(3.14)
with
ρ(Q)tt˙Jβss˙Iα = δ
t˙J
s˙I ρ(Q)
tβ
sα, ρ(M)
tt˙Jβ
ss˙Iα = δ
t˙
s˙ ρ(M)
tβJ
sαI (3.15)
where
ρ(Q)tβsα =
(
(Ql)
β
α
(Qr)
β
α
)t
s
, ρ(M)tβJsαI =
(
(Ml)
βJ
αI
(Mr)
βJ
αI
)t
s
. (3.16)
In short, the twist amounts to flipping the left/right indices l/r.
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3.2 Grading and real structure
The operators Γ in (2.7) and J in (2.10) are the grading and the real structure for the twisted
spectral triple, in the sense defined in [18, 19]. In particular, as in the non twisted case, the real
structure implements an action of the opposite algebra A◦ on H, that commutes with the one of
A. This follows from the general construction of the twisting by grading, yet it is useful for the
following to check it explicitly. Let us begin by writing down the representation of the opposite
algebra.
Proposition 3.1. For a ∈ A as in (2.19), one has (forM of dimension 4)
JaJ−1 = −
(
M¯ 0
0 Q¯
)D
C
. (3.17)
Proof. From (2.10) and (2.33) one has
J =
(
0 J ⊗ I16
J ⊗ I16 0
)D
C
. (3.18)
Since J−1 = −J by (2.11), using the representation (2.19) of a one obtains (omitting I16)
JaJ−1 = −JaJ = −
(
0 J
J 0
)E
C
(
Q 0
0 M
)F
E
(
0 J
J 0
)D
F
= −
(JMJ 0
0 JQJ
)D
C
. (3.19)
In addition, J commutes with the grading γM (see (2.8)), so it is of the form
J =
(Jr 0
0 Jl
)t
s
cc (3.20)
where Jr/l are 2× 2 matrices carrying the s˙, t˙ indices, such that JrJ¯r = JlJ¯l = −I2 . From the
explicit form (3.8) of Q and M , one gets (still omitting the indices α, I in which J is trivial)
JQJ =
(
Jr(δt˙s˙Q¯r)J¯r 0
0 Jl(δt˙s˙Q¯l)J¯l
)t
s
=
(
−δt˙s˙Q¯r 0
0 −δt˙s˙Q¯l
)t
s
= −Q¯, (3.21)
JMJ =
(
Jr(δt˙s˙M¯r)J¯r 0
0 Jl(δt˙s˙M¯l)J¯l
)t
s
=
(
−δt˙s˙M¯r 0
0 −δt˙s˙M¯l
)t
s
= −M¯, (3.22)
hence the result.
To check the order zero condition, we denote
b = (d, d′, p, p′, n, n′) (3.23)
another element of A with d, d′ ∈ C∞(M,C), p, p′ ∈ C∞(M,H), n, n′ ∈ C∞(M,M3(C)). It
acts on H by (3.24) as
b =
(
R
N
)D
C
(3.24)
where R,N are defined as Q,M in (3.8), with
Rr =
(
d
p′
)β
α
, Rl =
(
d′
p
)β
α
, Nr =
(
n⊗ I2
n′ ⊗ I2
)β
α
, Nl =
(
n′ ⊗ I2
n⊗ I2
)β
α
. (3.25)
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Corollary 3.1.1. The order-zero condition (2.12) holds.
Proof. By Prop. 3.1, the order zero condition [a, JbJ−1] = 0 for all a, b ∈ A is equivalent to
[R, M¯ ] = 0 and [N, Q¯] = 0. By (3.8) and (3.9), one gets
[R,M ] =
(
[δJI Rr,Mr] 0
0 [δJI Rl,Ml].
)t
s
. (3.26)
By (3.11), one has
[δJI Rr,Mr] =
(
[δJI d,m⊗ I2] 0
0 [δJI p
′,m′ ⊗ I2]
)β
α
, (3.27)
which is zero, as can be seen writing δJI d = I2 ⊗ d and similarly for [δJI p′,m′ ⊗ I2]. The same
holds true for [δJI Rl,Ml].
3.3 Twisted fluctuation
In the twisted context, fluctuations are similar to (3.1), replacing the commutator for a twisted
one [20]. So we consider the twisted-covariant Dirac operator
DAρ = D +Aρ + JAρJ
−1 (3.28)
where
Aρ =
∑
i
ai [D, bi]ρ , ai, bi ∈ A (3.29)
is a twisted (generalised) 1-form. The latter decomposes as the sum Aρ = AF + /A of two pieces:
one that we call the finite part of the fluctuation because it comes from the finite dimensional
spectral triple, namely
AF =
∑
i
ai [γM ⊗DF , bi]ρ ai, bi ∈ A; (3.30)
another one coming from the manifold part of the spectral triple
/A =
∑
i
ai
[
/D, bi
]
ρ
ai, bi ∈ A (3.31)
that we call gauge part in the following (terminology will become clear later).
To guarantee that the twisted covariant operator (3.28) is selfadjoint, one assumes that
the 1-form Aρ is selfadjoint (actually this is not a necessary condition, but requiring Aρ to
be selfadjoint makes sense viewing the fluctuation as a two step process: D → D + Aρ then
D + Aρ → D + Aρ + JAρJ−1). This means that for physical models, we assume that both /A
and AF are selfadjoint.
From now on, we fix the dimension ofM to m = 4. The grading and the real structure are
(identifying a tensor with its components)
γM = γ5 = γ0Eγ
1
Eγ
2
Eγ
3
E =
(
I4 0
0 −I4
)t
s
= ηtsδ
t˙
s˙ (3.32)
and
J = iγ0E γ2E cc = i
(
σ˜2 02
02 σ
2
)
st
cc = −iηtsτ t˙s˙ cc, (3.33)
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where cc denotes the complex conjugation and we define
τ t˙s˙ :=
(
0 −1
1 0
)t˙
s˙
, ηts :=
(
1
−1
)t
s
. (3.34)
For the internal spectral triple, one has
γF =

I8
−I8
−I8
I8
 = ηDβCαδJI , JF = ( 0 I16I16 0
)D
C
cc = ξDC δ
Jβ
Iα (3.35)
where the matrix γF is written in the basis left/right particles then left/right antiparticles, and
we define
ηβα :=
(
I2
−I2
)β
α
, ηDC :=
(
1
−1
)D
C
, ξDC :=
(
0 1
1 0
)D
C
(3.36)
with ηDβCα holding for η
D
C η
β
α. Thus
Γ = γM ⊗ γF = ηtDβsCαδt˙s˙ and J = JM ⊗ JF = −iηts τ t˙s˙ ξCD δJβIα cc. (3.37)
4 Scalar part of the twisted fluctuation
The scalar sector of the twisted Standard Model is obtained from the finite part (3.29) of the
twisted fluctuation, which in turns decomposes into a diagonal part (determined by the Yukawa
couplings of fermions)
AY =
∑
i
ai[γ
5 ⊗DY , bi]ρ, (4.1)
and an off-diagonal part (determined by the Majorana mass of the neutrino)
AM =
∑
i
ai[γ
5 ⊗DM , bi]ρ. (4.2)
As shown below, the former produces the Higgs sector, the latter a pair of extra scalar fields.
4.1 The Higgs sector
We begin with the diagonal part (4.1). We first notice that the M3(C) part of the algebra (3.4)
twist-commutes with γ5 ⊗DY .
Lemma 4.1. For any b ∈ A as in (3.24), one has
[
γ5 ⊗DY , b
]
ρ
=
(
S 0
0 0
)C
D
(4.3)
where S has components
Stt˙Jβss˙Iα = δ
t˙
s˙
(
ηus (D0)
Jγ
Iα R
tβ
sγ − ρ(R)uγsα ηtu(D0)JβIγ
)
. (4.4)
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Proof. From the explicit forms (2.24) of DY and (3.24) of b, one has
[
γ5 ⊗DY , b
]
ρ
=
[γ5 ⊗D0, R]ρ [
γ5 ⊗D†0, N
]
ρ

CD
.
In the tensorial notation, S := [γ5 ⊗D0, R]ρ has components
Stt˙Jβss˙Iα = η
u
s δ
u˙
s˙ (D0)
Kγ
Iα δ
t˙J
u˙KR
tβ
uγ − δu˙Ks˙I ρ(R)uγsα ηtuδt˙u˙(D0)JβKγ , (4.5)
= δts˙
(
ηus (D0)
Jγ
Iα R
tβ
uγ − ρ(R)uγsα ηtu(D0)JβIγ
)
, (4.6)
which shows (4.4). To show that
[γ5 ⊗D†0, N ]ρ = 0, (4.7)
let us denote T the left-hand side of the equation above. It has components
T tt˙Jβss˙Iα = η
u
s δ
u˙
s˙ (D
†
0)
Kγ
Iα δ
t˙
u˙N
tβJ
uγK − δu˙s˙ ρ(N)uγKsαI ηtuδt˙u˙(D†0)JβKγ , (4.8)
= δts˙
(
ηus (D
†
0)
Kγ
Iα N
tβJ
uγK − ρ(N)uγKsαI ηtu(D†0)JβKγ
)
, (4.9)
= δts˙
(
(D†0)
Kγ
Iα (Nr)
βJ
γK − (Nl)γKαI (D†0)JγKα 0
0 −(D†0)KγIα (Nl)βJγK + (Nr)γKαI (D†0)JβKγ
)
(4.10)
Since (D†0)
K
I = δ
K
I (D
I
0) and (D
†
0)
J
K = δ
K
J (D
J
0 ) (with no summation on I and J), the upper-left
term in (4.10) is
(
DI0
)δ
γ
(Nr)
βJ
δI − (Nl)γJαI
(
DJ0
)β
γ
=
(
0 k¯I(n′ ⊗ I2)
kI(n⊗ I2) 0
)β
α
−
(
0 (n′ ⊗ I2)k¯J
(n⊗ I2)kJ 0
)β
α
(4.11)
where we omitted the I, J indices on n. One has
kI(n⊗ I2) =
(
kIun
kIdn
)
, (n⊗ I2)kJ =
(
nkJu
nkJd
)
, (4.12)
and similarly for the terms in n′. Restoring the indices, one has
kIun
J
I =
(
klud
kqun
)J
I
, nJI k
J
u =
(
dklu
nkqu
)J
I
(4.13)
where we write kI=0u = klu for the lepton, and k
I=1,2,3
u = k
q
u for the coloured quarks. Again, in
the expression above, there is no summation on I and J : kIunJI means the matrix n in which the
Ith line is multiplied by kIu, while in nJI k
J
u this is the J th column of n which is multiplied by kJu .
Therefore
kI(n⊗ I2)− (n⊗ I2)kJ = 0. (4.14)
One shows in a similar way that k¯I(n′ ⊗ I2)− (n′ ⊗ I2)k¯J = 0, so that (4.11) vanishes. Thus
the upper-right term in (4.10) is zero. The proof that the lower-right term is zero is similar.
Hence (4.7) and the result.
A similar result holds in the non-twisted case (the computation is similar as above, with
n′ = n, so that everything boils down to the same equation (4.14)). The result however is not
true if one genuinely generalizes the twist used in [18], see appendix A.3. This yields a violation
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of the twisted first order condition. This is the reason why, as stressed in the introduction, we
do not use this genuine twist but rather the twist by grading presented in section 3.
We now compute the 1-forms generated by the Yukawa couplings of the fermions. In order
to do so, we extend the action of the automorphism ρ to any polynomial in q, q′, p, p′, c, c′, d, d′.
Namely ρ “primes” what is un-primed, and vice-versa. For instance ρ(qp′ − c′d) = q′p− cd′.
Proposition 4.2. The diagonal part (4.1) of a twisted 1-form is
AY =
(
A
0
)D
C
where A = δt˙Js˙I
(
Ar
Al
)t
s
(4.15)
with
Ar =
(
k¯IH1
H2k
I
)β
α
, Al = −
(
k¯IH ′1
H ′2kI
)β
α
, (4.16)
where Hi=1,2 and H ′1,2 = ρ(H1,2) are quaternionic fields.
Proof. From (2.19) and lemma 4.1, one has A = QS. In components, this gives (using the
explicit forms (3.8) of Q, R and omitting the summation index i):
Att˙Jβss˙Iα = Q
uu˙Kγ
ss˙Iα δ
t˙
u˙
[
ηvu (D0)
Jδ
Kγ R
tβ
vδ − ρ(R)vδuγ ηtv (D0)JβKδ
]
(4.17)
= δt˙Js˙IQ
uγ
sα
[
ηvu
(
DI0
)δ
γ
Rtβvδ − ρ(R)vδuγ ηtv
(
DI0
)β
δ
]
, (4.18)
where we use δKI (D0)
K
J = δ
J
I (D
I
0) (with no summation on I in the last expression). Since Q
is diagonal on the chiral indices s, the only non-zero components of A are for s = t = r and
s = t = l, namely
Art˙Jβrs˙Iα = δ
t˙J
s˙I
(
AIr
)β
α
with
(
AIr
)β
α
= (Qr)
γ
α
[(
DI0
)δ
γ
(Rr)
β
δ − (Rl)δγ
(
DI0
)β
δ
]
, (4.19)
Alt˙Jβls˙Iα = δ
t˙J
s˙I
(
AIl
)β
α
with
(
AIl
)β
α
= (Ql)
γ
α
[
− (DI0)δγ (Rl)βδ + (Rr)δγ (DI0)βδ ] . (4.20)
From the explicit expression (3.10), (3.25), (2.26) of Qr/l, Rr/l and DI0 one gets
QrD
I
0Rr =
(
ck¯Ip′
q′kId
)β
α
, QrRlD
I
0 =
(
cd′k¯I
q′pkI
)β
α
, (4.21)
QlD
I
0Rl =
(
c′k¯Ip
qkId′
)β
α
, QlRrD
I
0 =
(
c′dk¯I
qp′kI
)β
α
, (4.22)
Using that c, c′, d, d′ commute with kI , one has
Qr(D
I
0Rr −RlDI0) =
(
k¯IH1
H2k
I
)β
α
, −QlDI0Rl +QlRrDI0 = −
(
k¯IH ′1
H ′2kI
)β
α
(4.23)
where
H1 := c(p
′ − d′), H2 := q′(d− p), H ′1 := c′(p− d), H ′2 := q(d′ − p′). (4.24)
This shows the result.
Imposing now the selfadjointness condition as stressed at the beginning of this section, we
get the
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Corollary 4.2.1. A selfadjoint diagonal twisted 1-form (4.1) is parametrized by two independent
scalar quaternionic field Hr, Hl.
Proof. The twisted 1-form (4.15) is selfadjoint if and only if
H2 = H
†
1 =: Hr and H
′
2 = H
′†
1 =: Hl. (4.25)
They are independent as follows from their definition (4.24).
Gathering the results of this section, one works out the fields induced by the Yukawa coupling
of fermions via a twisted fluctuation of the metric.
Proposition 4.3. A selfadjoint diagonal fluctuation is
DAY = γ
5 ⊗DY +AY + JAY J−1 =
(
ηtsδ
t˙
s˙D0 +A
ηtsδ
t˙
s˙D
†
0 + A¯
)D
C
(4.26)
where A = δt˙Js˙I
(
Ar
Al
)t
s
is parametrized by two quaternionic fields Hr, Hl as
Ar =
(
k¯IH†r
Hrk
I
)β
α
, Al =
(
k¯IH†l
Hlk
I
)β
α
. (4.27)
Proof. Remembering that J−1 = −J , proposition 4.2 yields
JAY J
−1 =
(
0 J
J 0
)D
C
(
A
0
)D
C
(
0 −J
−J 0
)D
C
=
(
0
−JAJ −1
)D
C
. (4.28)
From the explicit form (2.33) of J and (4.15) of A, one obtains (omitting the IJ and αβ indices
in which the real structure J is trivial)
JAJ −1 = ηus τ u˙s˙ A¯vv˙uu˙ ηtvτ t˙v˙ = ηus τ u˙s˙
(
A¯r 0
0 A¯l
)t
s
ηtvτ
t˙
v˙ =
(−A¯r 0
0 −A¯l
)t
s
= −A¯, (4.29)
where we used (4.16) to write τ u˙s˙ δ
v˙
u˙τ
t˙
v˙ = −δt˙s˙.
The result follows summing (4.28) with AY given in Prop. 4.2 and DY given in (2.24), then
using corollary 4.2.1 to rename Hr and Hl.
In the non-twisted case, the primed and unprimed quantities are equal, so that one obtains
only one quaternionic field
H := Hr +Hl =
(
φ1 −φ¯2
φ2 φ¯1
)
, (4.30)
whose complex components φ1, φ2 identify – in the spectral action – with the Higgs doublet. In
the twisted case, we obtain two scalar doublets
Φr :=
(
φr1
φr2
)
, Φl :=
(
φl1
φl2
)
, (4.31)
(where φr1,2, φl1,2 are the complex components of Hr, Hl), which act respectively on the right
and on the left part of the Dirac spinors. However, as we will see in a forthcoming paper [1], the
two of them have no individual physical meaning on their own. In fact, they only appear in the
fermionic action through the linear combination h = (Hr +Hl) /2, therefore there is actually
only one physical Higgs doublet in the twisted case as well.
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4.2 The extra scalar field
The computation of the off-diagonal part (4.2) of the twisted fluctuation of γ5 ⊗ DF is easier
than for the diagonal part, because DM has only one non-zero component.
Proposition 4.4. The off-diagonal part (4.2) of a twisted 1-form is
AM =
(
C
D
)D
C
(4.32)
where
C = kR δ
t˙
s˙
(
Cr
Cl
)t
s
, D = k¯R δ
t˙
s˙
(
Dr
Dl
)t
s
(4.33)
with
Cr = Dr = Ξ
Jβ
Iασ, Cl = Dl = −ΞJβIασ′ (4.34)
where σ and σ′ are complex fields.
Proof. Using the explicit form (2.24) of DM , for a in (2.19) and b in (3.24) one gets
a
[
γ5 ⊗DM , b
]
ρ
=
(
Q 0
0 M
)[(
0 γ5 ⊗DR
γ5 ⊗D†R 0
)
,
(
R 0
0 N
)]
ρ
=
=
(
Q
((
γ5 ⊗DR
)
N−ρ (R)(γ5 ⊗DR))
M
(
(γ5 ⊗D†R)R−ρ (N)(γ5 ⊗D†R)
) )D
C
.
(4.35)
With DR given in (2.29), one computes the upper-right component C of the matrix above:
Ctt˙Jβss˙Iα = Q
uu˙Kγ
ss˙Iα
[
kR η
v
uδ
v˙
u˙ Ξ
Lδ
KγN
tt˙Jβ
vv˙Lδ − kR ρ(R)vv˙Lδuu˙Kγηtvδt˙v˙ ΞJ
β
Lδ
]
. (4.36)
Since Q,N are diagonal in the s index and proportional to δt˙s˙, the non-zero components of C are
(Cr)
Jβ
Iα = kR δ
t˙
s˙ (Qr)
Kγ
Iα
[
ΞLδKγ(Nr)
Jβ
Lδ − (Rl)LδKγ ΞJ
β
Lδ
]
, (4.37)
(Cl)
Jβ
Iα = kR δ
t˙
s˙ (Ql)
Kγ
Iα
[
−ΞLδKγ(Nl)JβLδ + (Rr)LδKγ ΞJ
β
Lδ
]
. (4.38)
Explicitly, from the formula (3.10) for Qr/l and (3.25) of Rr/l, Nr/l, one gets
Qr(ΞNr −RlΞ) =
(
cδJI
q′δjI
)β
α
((
ΞJI
03
)β
α
(
n⊗ I2
n′ ⊗ I2
)β
α
−
(
d′δJI
p′δJI
)β
α
(
ΞJI
03
)β
α
)
=
=
(
cδJI
q′δjI
)β
α
(
ΞJI n− d′ΞJI
03
)β
α
=
(
c(ΞJI n− d′ΞJI )
03
)β
α
=
(
c(d− d′)ΞJI
03
)β
α
=
= σΞJβαI
and similarly
Ql(−ΞNl +RrΞ) = −σ′ΞJβαI (4.39)
where we define the scalar fields
σ := c(d− d′), σ′ := c′(d′ − d). (4.40)
Similarly, one computes that the lower left component D of (4.35) has non zero components
Dr = k¯
Rδt˙s˙Mr(ΞRr −NlΞ) = k¯R δt˙s˙ ΞβJαI c(d− d′) = k¯R δt˙s˙ ΞβJαI σ, (4.41)
Dl = k¯
Rδt˙s˙Ml(−ΞRl +NrΞ) = k¯R δt˙s˙ ΞβJαI c′(−d′ + d) = −k¯R δt˙s˙ ΞβJαI σ′.
16
A free 1-form AM is self-adjoint if and only if D
†
r = Cr and D
†
l = Cl, that is
σ = σ¯, σ′ = σ¯′. (4.42)
The part of the twisted fluctuation induced by the Majorana mass of the neutrino is then
easily obtained.
Proposition 4.5. A off-diagonal fluctuation is parametrised by two independent real scalar fields
σr, σl:
DAM = γ
5 ⊗DM +AM + JAMJ−1 = δt˙t˙
(
0 ηtsD0 + kR Ξ
Jβ
Iα Σ¯
t
s
ηtsD
†
0 + k¯R Ξ
Jβ
Iα Σ
t
s 0
)D
C
. (4.43)
where
Σ =
(
σr
σl
)t
s
. (4.44)
Proof. As in the proof of proposition 4.2, one has
JAMJ
−1 =
(
0 −JDJ
−JCJ 0
)D
C
(4.45)
with
JCJ −1 = ηus τ u˙s˙ C¯vv˙uu˙ ηtvτ t˙v˙ = −C¯ (4.46)
and similarly for D. Hence
AM + JAMJ
−1 =
(
0 C +D
C +D 0
)D
C
. (4.47)
The explicit form of Σ follows from (4.33)-(4.34), defining σr = σ¯ + σ and σl = −σ¯′ − σ′.
As an illustration that the selfadjointness of the 1-form is not necessary to get a selfadjoint
twisted fluctuation (see § 3.3), notice that in the proposition above DAM is selfadjoint regardless
of the selfadjointness of AM . As well, one does not need to assume that AM is selfadjoint to
ensure that the fields σr, σl are real.
Remark 4.6. The field σ is chiral, in the sense it has two independent components σr, σl. The
one initially worked out in [18] was not chiral. This is because in the latter case, one does not
double M3(C) and identifies the complex component of m with the complex component of Qr.
This means that the component d′ of Nl identifies with the component d of Rr, so that (4.39)
and (4.41) vanish, that is Cl = Dr = 0. Similarly, the component c′ of Ml becomes c, so that
Dl = Cr. One thus retrieves the formula (4.32) of [18] (in which the role of c and d have been
interchanged).
5 Gauge part of the twisted fluctuation
In this section, we compute the twisted fluctuation induced by the free part /D = /∂ ⊗ IF of the
Dirac operator (2.6), that is
/D + /A+ J /AJ−1 (5.1)
where /A is the twisted 1-form (3.31) induced by /D, that we call in the following a free 1-form.
As will be checked in section 6, the components of this form are the gauge fields of the model.
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5.1 Dirac matrices and twist
We begin by recalling some useful relations between the Dirac matrices and the twist.
Lemma 5.1. If an operator O on L2(M, S) twist-commutes with the Dirac matrices,
γµO = ρ(O)γµ ∀µ, (5.2)
and commutes the spin connection ωµ, then[
/∂,O]
ρ
= −iγµ∂µO. (5.3)
Proof. One has
[γµ∇µ,O]ρ = [γµ∂µ,O]ρ + [γµωµ,O]ρ. (5.4)
On the one side, the Leibniz rule satisfied by the differential operator ∂µ together with (5.2)
yields
[γµ∂µ,O]ρψ = γµ∂µOψ − ρ(O)γµ∂µψ = γµ(∂µO)ψ + γµO∂µψ − ρ(O)γµ∂µψ = γµ(∂µO)ψ.
On the other side, by (5.2),
[γµωµ,O]ρ = γµωµO − ρ(O)γµωµ = γµ[ωµ,O] (5.5)
vanishes by hypothesis. Hence the result.
This lemma applies in particular to the components Q and M of the representation of the
algebra A in (2.19). The slight difference is that these components do not act on L2(M, S), but
on L2(M, S)⊗ C32. With a slight abuse of notation, we write
γµQ := (γµ ⊗ I16)Q , ∂µQ := (∂µ ⊗ I16)Q (5.6)
and similarly for M .
Corollary 5.1.1. One has
γµQ = ρ(Q)γµ, [/∂,Q]ρ = −iγµ∂µQ, (5.7)
γµM = ρ(M)γµ, [/∂,M ]ρ = −iγµ∂µQ. (5.8)
Proof. From (3.9) and omitting the internal indices (on which the action of γµ ⊗ I16 is trivial),
one checks from the explicit form (A.2) of the euclidean Dirac matrices that
γµEQ− ρ(Q)γµE =
(
0 σµ
σ˜µ 0
)t
s
(
Qr 0
0 Ql
)t
s
−
(
Ql 0
0 Qr
)t
s
(
0 σµ
σ˜µ 0
)t
s
= 0. (5.9)
The same holds true for the curved Dirac matrices (A.4), by linear combination.
The commutation with the spin connection follows remembering that the latter is
ωµ = Γ
ρν
µ γργν = Γ
ρν
µ
(
σµσ˜ν 0
0 σ˜µσν
)t
s
(5.10)
and so commutes with Q, which is diagonal in the s, t indices an trivial in the s˙, t˙ indices.
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5.2 Free 1-form
With the previous results, it is not difficult to compute a free 1-form (3.31).
Lemma 5.2. A free 1-form is
/A = −iγµAµ with Aµ =
(
Qµ 0
0 Mµ
)D
C
, (5.11)
where we use notations similar to (5.6), with
Qµ :=
∑
i
ρ(Qi)∂µRi, Mµ =
∑
i
ρ(Mi)∂µNi (5.12)
for Qi,Mi and Ri, Ni the components of ai, bi as in (2.19, 3.24).
Proof. Omitting the summation index i, one has
/A = a
[
/D, b
]
ρ
=
(
Q 0
0 M
)D
C
(
[/∂,R]ρ 0
0 [/∂,N ]ρ
)D
C
= (5.13)
= −i
(
Q 0
0 M
)D
C
(
γµ∂µR 0
0 γµ∂µN
)D
C
= −iγµ
(
ρ (Q) ∂µR 0
0 ρ (M) ∂µN
)D
C
,
where the last equality follows from corollary 5.1.1. Restoring the index i, one gets the result.
By computing explicitly the components of /A, one finds that a free 1-form is parametrized
by two complex fields crµ, clµ, two quaternionic fields qrµ, qlµ and twoM3(C)-valued fields mrµ, mlµ.
Proposition 5.3. The components Qµ,Mµ of /A in (5.11) are
Qµ = δ
t˙J
s˙I
(
Qrµ
Qlµ
)t
s
, Mµ = δ
t˙
s˙
(
M rµ
M lµ
)t
s
(5.14)
where
Qrµ =
(
crµ
qrµ
)β
α
, Qlµ =
(
clµ
qlµ
)β
α
(5.15)
with crµ =
(
crµ
c¯rµ
)
, clµ =
(
clµ
c¯lµ
)
and
M rµ =
(
mrµ ⊗ I2 0
0 mlµ ⊗ I2
)β
α
, M lµ =
(
mlµ ⊗ I2 0
0 mrµ ⊗ I2
)β
α
(5.16)
with mrµ =
(
crµ
mrµ
)J
I
, mlµ =
(
clµ
mlµ
)J
I
.
Proof. The form (5.14)-(5.15) of the components of /A follows calculating explicitly (5.12) using
(3.9)-(3.12) for Qi,Mi and (3.25) for Ri, Ni. Omitting the i index, one finds
Qrµ = Ql∂µRr, Q
l
µ = Qr∂µRl, M
r
µ = Ml∂µNr, M
l
µ = Mr∂µNl. (5.17)
This yields (5.15) with
crµ = c
′∂µd, clµ = c∂µd
′, qrµ = q∂µp
′, qlµ = q
′∂µp, (5.18)
mrµ = m
′∂µn, mlµ = m∂µn
′ (5.19)
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Corollary 5.3.1. A free 1-form /A is selfadjoint if and only if
clµ = −c¯rµ, qlµ = −(qrµ)†, mlµ = −(mrµ)†. (5.20)
Proof. One has
/A
†
= i(Aµ)†γµ = iγµρ(Aµ)†, (5.21)
so /A is selfadjoint if and only if γµ(ρ(Aµ) + A
†
µ) = 0. Since Aµ is diagonal the s, t indices, the
sum ∆µ := ρ(Aµ) +A
†
µ is also diagonal with components ∆
r/l
µ . Thus
γµ∆µ =
(
0 σµ∆lµ
σ˜µ∆rµ
)t
s
. (5.22)
If this is zero, then for any γν
γνγµ∆µ =
(
σν σ˜µ∆rµ 0
0 σ˜νσµ∆lµ
)
= 0. (5.23)
Being Aµ – hence ∆µ – trivial in s˙, t˙, and since Tr σ˜µσν = 2δµν , the partial trace on the s˙, t˙
indices of the expression above yields ∆rµ = ∆lµ = 0. Therefore γµ(ρ(Aµ) +A
†
µ) = 0 implies
ρ(Aµ) = −A†µ. (5.24)
The converse is obviously true. Consequently, /Aµ is selfadjoint if and only if (5.24) holds true.
From (5.11), this is equivalent to Q†µ = −ρ(Qµ) and M †µ = −ρ(Mµ) that is, from (5.14),
Qlµ = −(Qrµ)† and M lµ = −(M rµ)†. (5.25)
This is equivalent to (5.20).
5.3 Identification of the physical degrees of freedom
To identify the physical fields, one follows the non twisted case [6] and separates the real from
the imaginary parts of the various fields. We thus define two real fields aµ = Re crµ and Bµ =
− 2g1 Im crµ (the signs are such to match the notations of [14], see remark 5.6), so that
crµ = aµ − i
g1
2
Bµ, c
l
µ = −c¯rµ = −aµ − i
g1
2
Bµ. (5.26)
Moreover, we denote wµ and −g22 W k for k = 1, 2, 3 the real components of the quaternionic field
qrµ on the basis {I2, iσj} of the (real) algebra of quaternions, so that
qrµ = wµ I2 − i
g2
2
W kµσk, q
l
µ = −(qrµ)† = −wµ I2 − i
g2
2
W kµσk. (5.27)
Finally, we writemrµ as the sum of a selfadjoint part gµ =
1
2(m
r
µ+m
r
µ
†) and an antiselfadjoint part
1
2(m
r
µ−mrµ†). We denote V 0µ , g32 V mµ the real-field components of the latter on the basis {iI3, iλm}
of the (real) vector space of antiselfadjoint 3 × 3 complex matrices (with {λm,m = 1 . . . 8} the
Gell-Mann matrices), so that
mrµ = gµ + iV
0
µ I3 + i
g3
2
V mµ λm, (5.28)
mlµ = −(mrµ)† = −gµ + iV 0µ I3 + i
g3
2
V mµ λm. (5.29)
The cancellation of anomalies is imposed requiring the the unimodularity condition
TrAµ = 0. (5.30)
This yields the same condition as in the non-twisted case.
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Proposition 5.4. The unimodularity condition for a selfadjoint free 1-form yields
V 0µ =
g1
6
Bµ. (5.31)
Proof. One has TrAµ = TrQµ + TrMµ. On the one side
TrQµ = TrQ
r
µ + TrQ
l
µ = c
r
µ + c¯
r
µ + Tr q
r
µ + c
l
µ + c¯
l
µ + Tr q
l
µ (5.32)
vanishes by (5.20), when one notices that Tr q† = Tr q for any quaternion q. On the other side
TrMµ = TrM
r
µ + TrM
l
µ = 4 Tr{m}rµ + 4 Tr{m}lµ =
= 4(crµ + Trm
r
µ + c
l
µ + Trm
l
µ) = 4(−ig1Bµ + 6iV 0µ ) (5.33)
where we use crµ + clµ = −ig1Bµ and mrµ + mlµ = 2iV 0µ I3 + 2ig3V mµ λm, remembering then that
the Gell-Mann matrices are traceless. Hence (5.30) is equivalent to (5.31).
Let us summarise the results of this section in the following
Proposition 5.5. A unimodular selfadjoint free 1-form /A is parametrized by
• two real 1-form fields aµ, wµ and a selfadjoint M3(C)-value field gµ,
• a u(1)-value field iBµ, a su(2)-value field iWµ and a su(3)-value field iVµ.
Proof. Collecting the previous results, denoting Wµ := W kµσk and Vµ := V mµ λm, one has
crµ = aµ − i
g1
2
Bµ, c
l
µ = −aµ − i
g1
2
Bµ, (5.34)
qrµ = wµ I2 − i
g2
2
Wµ, q
l
µ = −wµ I2 − i
g2
2
Wµ, (5.35)
mrµ = gµ + i
(g1
6
Bµ I3 +
g3
2
Vµ
)
, mlµ = −gµ + i
(g1
6
BµI3 +
g3
2
Vµ
)
. (5.36)
On the one side, aµ, wµ are in C∞(M,R) and gµ = gµ† is in C∞(M,M3(C)). On the other
side, since Bµ is real, iBµ ∈ C∞(M, iR) is a u(1)-value field. The Pauli matrices span the space
of traceless 2× 2 selfadjoint matrices, thus the field iWµ takes value in the set of antiselfadjoint
such matrices, that is su(2). Finally, the real span of the Gell-Mann matrices is the space of
traceless selfadjoint elements of M3(C), hence Vµ is a su(3)-value field.
In the non-twisted case, the primed and unprimed quantities in (5.18)-(5.19) are equal,
meaning that the right and left components of the fields (5.34)-(5.36) are equal, hence
aµ = wµ = gµ = 0. (5.37)
That the twisting produces some extra 1-form fields has already been pointed out for manifolds
in [19], and for electrodynamic in [21]. Actually, such a field (improperly called vector field)
appeared initially in the twisted version of the Standard Model presented in [18], but its precise
structure – a collection of three selfadjoint field aµ, wµ, gµ, each associated with a gauge field of
the Standard Model – had not been worked out there.
In the minimal twist of electrodynamics, there is only one such field (associated with the U(1)
gauge symmetry). By studying the fermionic action, it gets interpreted as energy-momentum
4-vector in lorentzian signature. Whether such an interpretation still holds for aµ, wµ, gµ will be
investigated in a forthcoming paper [1].
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Remark 5.6. In the non-twisted case, the fields Bµ,Wµ and Vµ coincide with those of the
spectral triple of the Standard Model. More precisely, within the conditions of (5.37), then
• our crµ = clµ coincides with −iΛµ of [14, §15.4]‡ The selfadjointness condition (5.20) then
implies that Λµ is real, in agreement with [14]. Then Bµ = 2g1 Λµ as defined in [14, 1.729]
coincides with our Bµ = −i 2g1 crµ = −i 2g1 clµ as defined in (5.26).
• our qrµ = qlµ coincides with −iQµ of [14, §15.4]. The selfadjointness condition (5.20) then
implies that Qµ is selfadjoint, in agreement with [14]. Then Wµ = 2g2Qµ as defined in [14,
1.739] coincides with our Wµ = W kµσk = i
2
g2
qrµ = i
2
g2
qlµ in (5.27).
• the identification of our Vµ with the one of the non-twisted case is made after proposition
5.8.
Remark 5.7. If one does not impose the selfadjointness of /A, then one obtains two copies of the
bosonic contents of the Standard Model, acting independently on the right and left components
of Dirac spinors.
5.4 Twisted fluctuation of the free Dirac operator
We now compute the free part (5.1) of the twisted fluctuation.
Proposition 5.8. A twisted fluctuation of the free Dirac operator /D is DZ = /D + Z where
Z = /A+ J /AJ−1 = −iγµ
(
Zµ 0
0 Zµ
)D
C
with Zµ = γ5 ⊗Xµ + I4 ⊗ iYµ, (5.38)
in which Xµ and Yµ are selfadjoint ASM-value tensor fields onM with components
(Xµ)
2˙J
1˙I
= (Xµ)
1˙J
2˙I
= (Yµ)
2˙J
1˙I
= (Yµ)
1˙J
2˙I
= 0, (5.39)
and
(Xµ)
1˙J
1˙I
= (Xµ)
2˙J
2˙I
=
(
2aµ
aµI3 + gµ
)J
I
, (5.40)
(Yµ)
1˙J
1˙I
=
(
0
−2g13 BµI3 − g32 Vµ
)
, (Yµ)
2˙J
2˙I
=
(
g1Bµ
g1
3 BµI3 − g32 Vµ
)
(5.41)
(Xµ)
bJ
aI =
(
δba (wµ − aµ)
δbawµI3 − gµ
)J
I
, (5.42)
(Yµ)
bJ
aI =
(
δba
g1
2 Bµ − g22 (Wµ)ba
−δba
(g1
6 BµI3 +
g3
2 Vµ
)− g22 (Wµ)baI3
)J
I
. (5.43)
Proof. With J = −J−1 as defined in (3.18) one has
J /AJ−1 = −J(−iγµAµ)J−1 = −iJγµAµJ−1 = iγµJAµJ−1 = = iγµ
(JMµJ −1 0
0 JQµJ −1
)D
C
‡Beware that /∂M in the formula of Λ is iγ
µ∂µ [14, 1.580], so that Λ = Λµγµ is the U(1) part of − /A, meaning
that Λµ is the U(1) part of iAµ.
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where we use that J is antilinear and anticommutes with γµ (lemma A.7). Noticing that
JMµJ −1 = −M¯µ and JQµJ −1 = −Q¯µ (this is shown as in (3.22), (3.21)), one obtains
Zµ = Qµ + M¯µ. (5.44)
Explicitly, Zµ =
(
Zrµ
Z lµ
)
where, using the explicit forms (5.16) and (5.15) of Qrµ and M rµ,
Zrµ = Q
r
µ +M
r
µ = δ
t˙
s˙
(
crµδ
J
I + δ
b˙
a˙ m
r
µ
qrµδ
J
I + δ
b
am
l
µ
)β
α
(5.45)
and a similar expression for Z lµ, exchanging r with l. The components of the matrix above are
(Zrµ)
b˙
a˙ = c
r
µδ
J
I + δ
b˙
a˙m
r
µ =
(
crµδ
J
I + m
r
µ
crµδ
J
I + m
r
µ
)b˙
a˙
(5.46)
with (Zrµ)2˙1˙ = (Z
r
µ)
1˙
2˙
= 0,
(Zrµ)
1˙
1˙
= crµδ
J
I + m
r
µ =
(
2aµ
(aµ − ig12 Bµ)I3 + gµ − i
(g1
6 BµI3 +
g3
2 Vµ
))J
I
= (Xrµ)
1˙
1˙
+ i(Y rµ )
1˙
1˙
(5.47)
(Zrµ)
2˙
2˙
= crµδ
J
I + m
r
µ =
(
2aµ + ig1Bµ
(aµ + i
g1
2 Bµ)I3 + gµ − i
(g1
6 BµI3 +
g3
2 Vµ
))J
I
= (Xrµ)
2˙
2˙
+ i(Y rµ )
2˙
2˙
;
(5.48)
and
(Zrµ)
b
a = q
r
µ δ
J
I + δ
b
am
l
µ =
(
(qrµ)
1
1 δ
J
I + m
l
µ (q
r
µ)
2
1 δ
J
I
(qrµ)
1
2 δ
J
I q
r
µ
2
2
δJI + m
l
µ
)b
a
(5.49)
with
(Zrµ)
a
a = (q
r
µ)
a
a δ
J
I + m
l
µ =
=
(
wµ − ig22 (Wµ)aa − aµ + ig1Bµ2 (
wµ − ig22 (Wµ)aa
)
I3 − gµ − i
(
g1Bµ
6 I3 +
g3
2 Vµ
))J
I
=
(5.50)
= (Xrµ)
a
a + i(Y
r
µ )
a
a, (5.51)
(Zrµ)
b 6=a
a = (q
r
µ)
b
a δ
J
I =
(−ig22 (Wµ)ba
−ig22 (Wµ)baI3
)J
I
= (Xrµ)
b
a + i(Y
r
µ )
b
a.
The matrices Xrµ and Y rµ defined by the equations above are selfadjoint and such that Zrµ =
Xrµ + iY
r
µ . By the selfadjointness condition, one has
Z lµ = Q
l
µ +M
l
µ = −(Zrµ)† = −Xrµ + iY rµ . (5.52)
In other terms, Z lµ = X lµ + iY lµ with
X lµ = −Xrµ, X lµ = −Xrµ. (5.53)
Redefining Xµ := Xrµ = −X lµ, Yµ := Y rµ = Y lµ, one obtains the result.
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We collect the components of Z in appendix A.2: There, we also make explicit that iYµ
coincides exactly with the gauge fields of the Standard Model (including the su(3) gauge field
Vµ). Thus the twist does not modify the gauge content of the model. What it does is to add
the selfadjoint part Xµ whose action on spinors breaks chirality. As shown in the next section,
this field is invariant under a gauge transformation.
6 Gauge Transformations
A gauge transformation is implemented by an action of the group U(A) of unitary elements of A,
both on the Hilbert space and on the Dirac operator. On a twisted spectral triple, these actions
have been worked out in [16, 20] and consist in a twist of the original formula of Connes [11].
Explicitly, on the Hilbert space, the fermion fields transform under the adjoint action of U(A)
induced by the real structure, namely
ψ → Adu ψ := uψu = uu◦ψ = uJu∗J−1ψ, u ∈ U . (6.1)
On the other hand, the twisted-covariant Dirac operatorDAρ (3.28) transforms under the twisted
conjugate action of Adu,
DAρ → Ad ρ(u)DAρ Adu∗. (6.2)
By the twisted first-order condition, (6.2) is equivalent to a gauge transformation of the sole
fluctuation Aρ, namely one has
Ad ρ(u)DAρ Adu
∗ = D +Auρ + JA
u
ρJ
−1 (6.3)
where
Auρ := ρ (u)
(
[D,u∗]ρ +Aρu
∗
)
. (6.4)
This is the twisted version of the law of transformation of generalised 1-forms in ordinary spectral
triples, which in turn is a non-commutative generalisation of the law of transformation of the
gauge potential in ordinary gauge theories.
To write down the transformation Aρ → Auρ for the twisted fluctuation (3.29), we need the
explicit form of a unitary u of A. The latter is a pair of elements of
U(C)× U(H)× U(M3(C)) ' U(1)× SU(2)× U(3). (6.5)
Namely
u = (eiα, eiα
′
, q, q′,m,m′) (6.6)
with
α, α′ ∈ C∞(M,R), q, q′ ∈ C∞(M, SU(2)), m,m′ ∈ C∞(M, U(3)). (6.7)
It acts on H as
u =
(
A
B
)D
C
(6.8)
where, following (3.8)-(3.12), one has At˙tJβs˙sIα = δ
t˙J
s˙IA
tβ
sα and Bt˙tJβs˙sIα = δ
t˙
s˙B
tβJ
sαI with
Atβsα =
(
(Ar)
β
α
(Al)
β
α
)t
s
, BtβJsαI =
(
(Br)
βJ
αI
(Bl)
βJ
αI
)t
s
, (6.9)
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in which
Ar =
(
α
q′
)β
α
, Al =
(
α′
q
)β
α
, (6.10)
and
Br =
(
m⊗ I2 0
0 m′ ⊗ I2
)β
α
, Bl =
(
m′ ⊗ I2 0
0 m⊗ I2
)β
α
, (6.11)
where we denote
α :=
(
eiα
e−iα
)
, m :=
(
eiα
m
)J
I
, α′ :=
(
eiα
′
e−iα′
)
, m′ :=
(
eiα
′
m′
)J
I
. (6.12)
6.1 Gauge sector
Before beginning with the transformation of the free 1-form /A computed in (5.11), let us recall
that a twisted gauge transformation (6.2) does not necessarily preserve the selfadjointness of the
Dirac operator. Namely Auρ in (6.4) is not necessarily selfadjoint, even though one starts with a
selfadjoint Aρ.
This may seem as a weakness of the twisted case, since in the non-twisted case selfadjointness
is necessarily preserved. Actually this possibility to lose selfadjointness allows to implement
Lorentz symmetry and yields – at least for electrodynamics [21] – an interesting interpretation of
the component Xµ of the free fluctuation Z of proposition 5.8 as a four-vector energy-impulsion.
However, regarding the gauge part of the Standard Model which – as shown below – is fully
encoded in the component iYµ of Z, it is rather natural to ask selfadjointness to be preserved.
This reduces the choice of unitaries to pair of elements of (6.5) equal up to a constant.
Proposition 6.1. A unitary u whose action (6.3) preserves the selfadjointness of any unimod-
ular selfadjoint free 1-form /A is given by (6.6) with
α′ = α+K, q = q′, m′ = m. (6.13)
The components (5.11) of /A then transform as
crµ −→ crµ − i∂µα, clµ −→ clµ − i∂µα, (6.14)
qrµ −→ q qrµ q† + q
(
∂µq
†
)
, qlµ −→ q qlµ q† + q
(
∂µq
†
)
, (6.15)
mrµ −→ mmrµm† + m
(
∂µm
†
)
, mlµ −→ mmlµm† + m
(
∂µm
†
)
. (6.16)
Proof. From corollary 5.1.1 one has (with the same abuse of notations (5.6), now with I32)
/A
u
= ρ(u)
(
[ /D, u∗]ρ + /Au∗
)
= −iγµ (u (∂µu∗) + uAµu∗) . (6.17)
Using the explicit forms (6.8) of u and (5.11) of Aµ, one finds
/A
u
= −iγµ
(
A
(
∂µA
†)+ AQµA† 0
0 B
(
∂µB
†)+ BMµ B†
)D
C
(6.18)
meaning that a gauge transformation is equivalent to the transformation
Qµ −→ Qµ + A
(
∂µA
†
)
+ AQµA
†, Mµ −→Mµ + B
(
∂µB
†
)
+ BMµB
† (6.19)
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From (5.15) and (5.16), these equations are equivalent to
crµ −→ crµ + eiα∂µe−iα = crµ − i∂µα, clµ −→ clµ − i∂µα′, (6.20)
qrµ −→ q′ qrµ q′† + q′
(
∂µq
′†
)
, qlµ −→ q qlµ q† + q
(
∂µq
†
)
, (6.21)
mrµ −→ mmrµm† + m
(
∂µm
†
)
, mlµ −→ m′mlµm′† + m′
(
∂µm
′†
)
. (6.22)
For any unitary operator q, one has that q
(
∂µq
†) = q[∂µ, q†] is anti-hermitian (being ∂µ an-
tihermitian as well). Hence, beginning with a selfadjoint /A as in (5.20), requiring that /Au be
selfadjoint is equivalent to
∂µα
′ = ∂µα, (6.23)
q qlµq
† + q
(
∂µq
†
)
= q′qlµq
′† + q′
(
∂µq
′†
)
, (6.24)
m′mrµm
′† + m′
(
∂µm
′†
)
= mmlµm
† + m
(
∂µm
†
)
. (6.25)
In particular, for qlµ equal to the identity the second of these equations yields q
(
∂µq
†) =
q′
(
∂µq
′†
)
for any q, q′. Hence for any qlµ one has q qlµq† = q′qlµq′
†. This means that q′†q is
in the center of H. Being a unitary, q′†q is thus the identity. So q = q′. Similarly, one gets that
m′†m is in the center of M3(C), that is a multiple of the identity. Being unitary, m′†m can only
be the identity, hence m′ = m. Thus (6.20-6.22) yield the result.
These transformations of the components of the free 1-form induce the following transfor-
mations of the physical fields defined in (5.34)-(5.36).
Proposition 6.2. Under a twisted gauge transformation that preserve selfadjointness, the phys-
ical fields aµ and wµ are invariant, gµ undergoes an algebraic (i.e. non-differential) transforma-
tion
gµ −→ ngµn† (6.26)
and the gauge fields transform as in the Standard Model
Bµ −→ Bµ + 2
g1
∂µα, (6.27)
Wµ −→ qWµq† + 2i
g2
q (∂µq
†), (6.28)
Vµ −→ nVµn† − 2i
g3
n (∂µn
†), (6.29)
where n = (det m)−
1
3 m is the SU(3) part of m.
Proof. Applying the gauge transformations (6.14)-(6.16) to the physical fields defined through
(5.34)-(5.36), one obtains
± aµ − ig1
2
Bµ → ±aµ − i
(g1
2
Bµ + ∂µα
)
, (6.30)
± wµI2 − ig2
2
Wµ → ±wµI2 − i
(g2
2
qWµq
† + iq(∂µq†)
)
, (6.31)
± gµ + i
(g1
6
BµI3 +
g3
2
Vµ
)
→ ±mgµm† + i
(g1
6
BµI3 +
g3
2
mVµm
† − im(∂m†)
)
, (6.32)
where the anti-selfadjointness of q(∂q†) and m(∂m†) guarantee that the r.h.s. of (6.31) and
(6.32) is split into a selfadjoint and anti-selfadjoint part. The first two equations above yield
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(6.27)-(6.28) Writing m = eiθn with eiθ = (detm)
1
3 and n ∈ SU(3), then the right hand side of
(6.32) becomes
± ngµn† + i
(
(
g1
6
Bµ − ∂µθ)I3 + g3
2
nVµn
† + n∂µn†
)
. (6.33)
where we use m∂µm† = −i∂µθ = n∂µn†. Requiring the unimodularity condition to be gauge
invariant forces to identify −θ with α3 , thus reducing the gauge group U(3) to SU(3). This
yields (6.26) and (6.29).
Remark 6.3. If one does not impose that the twisted gauge transformation preserves selfad-
jointness, then the left and right components of spinors transform independently. Whether this
may yield interesting models should be explored in some further work.
6.2 Scalar sector
We now study the gauge transformation of the scalar part of the twisted fluctuation AY + AM
computed in section 4, beginning with the Yukawa part AY in (4.1).
Lemma 6.4. Let u be a unitary of A as in (6.6). One has
ρ(u)
[
γ5 ⊗DY , u†
]
ρ
+ ρ(u)AY u
† =
(
Au
0
)D
C
(6.34)
where
Au = δt˙Js˙I
(
(Au)r
(Au)l
)t
s
, (6.35)
with
(Au)r =
(
0 k¯I
(
α′ (H1 + I) q
′† − I
)(
q (H2 + I)α† − I
)
kI 0
)
, (6.36)
(Au)l = −
(
0 k¯I
(
α (H ′1 + I) q† − I
)(
q′ (H ′2 + I)α
′† − I
)
kI 0
)
(6.37)
where H1,2 are the components of AY , and α, α′, q, q′ those of u.
Proof. From the formula (4.15) of AY and (6.8)-(6.9) of u, one gets
ρ(u)AY u
† =
(
ρ(A)AA†
0
)D
C
where ρ(A)AA† = δt˙Js˙I
(
AlArA
†
r
ArAlA
†
l
)t
s
, (6.38)
where, using (4.16) and (6.10),
AlArA
†
r =
(
α′
q
)(
k¯IH1
H2k
I
)(
α†
q
′†
)
=
(
k¯Iα′H1q
′†
qH2α
†kI
)β
α
, (6.39)
ArAlA
†
l = −
(
α
q′
)(
k¯IH ′1
H ′2kI
)(
α
′†
q†
)
= −
(
k¯IαH ′1q†
q′H ′2α
′†kI
)β
α
, (6.40)
where we used that kI , k¯I commute with α, α′ and their conjugate.
The computation of the twisted commutator part in (6.34) is similar to that of AY in propo-
sition 4.2, with ai = ρ(u) and bi = u† for u as in (6.6), that is
ρ(u)
[
γ5 ⊗DY , u†
]
ρ
=
(
U
0
)D
C
(6.41)
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where
U = δt˙Js˙I
(
Ur
Ul
)t
s
with Ur =
(
k¯IH1
H2k
I
)β
α
, Ul = −
(
k¯IH′1
H′2kI
)β
α
, (6.42)
in which Hi=1,2 and H′1,2 = ρ(H1,2) given by (4.24) with (remembering (6.12))
c = α′, c′ = α, q = q′, q′ = q and d = α†, d′ = α
′†, p = q†, p′ = q
′†; (6.43)
that is
H1 = α
′(q
′† −α′†), H2 = q(α† − q†) and H′1 = α(q† −α†), H′2 = q′(α
′† − q′†). (6.44)
Thus one obtains (6.34) with
Au = U + ρ(A)AA† = δt˙Js˙I
(
Ur + AlArA
†
r
Ul + ArAlA
†
l
)t
s
. (6.45)
From (6.39) and (6.42) one obtains the explicit forms of (Au)r and (Au)l
(Au)r := Ur + AlArA
†
r =
(
k¯I(H1 +α
′H1q
′†)
(H2 + qH2α
†)kI 0
)
, (6.46)
(Au)l := Ul + ArAlA
†
l = −
(
k¯I(H′1 +αH ′1q†)
(H′2 + q′H ′2α
′†)kI 0
)
. (6.47)
The final result follow substituting H1,2 with their explicit formulas (6.44).
One easily checks that for a selfadjoint diagonal twisted 1-form AY (that is, from corollary
4.2.1, when H†1 = H2 = Hr and H
′
1
† = H ′2 = Hl) then a twist-invariant unitary u (i.e. q′ = q
and α′ = α+K) not only preserves the selfadjointness of the free 1-form by proposition 6.1, but
also the selfadjointness of AY , provided that K = 0 (if K 6= 0, then H1 and H2 undergo different
gauge transformations, thus forbidding the identification H†1 = H2 = Hr – and similarly for Hl
– and therefore forcing AY not to be selfadjoint). For this reason, from now on we will assume
K = 0. With this caveat, the gauge transformation of lemma 6.4 then reads more clearly as a
law of transformation of the complex components (4.31) of the quaternionic fields Hr and Hl.
Proposition 6.5. Let AY be a selfadjoint diagonal 1-form parametrized by two quaternionic field
Hr, Hl. Under a gauge transformation induced by a twist-invariant unitary u = (α, α, q, q,m,m),
the components φr1,2, φ
l
1,2 of Hr, Hl transform as(
φr1 + 1
φr2
)
−→ q
(
φr1 + 1
φr2
)
e−iα,
(
φl1 + 1
φl2
)
−→ q
(
φl1 + 1
φl2
)
e−iα. (6.48)
Proof. AY being selfadjoint means that (4.25) holds. A twist-invariant unitary satisfies (6.13)
with K = 0. Under these conditions, comparing the formula (4.16) of AY with its gauge
transformed counterpart (6.36)-(6.37), one finds that the fields Hr and Hl undergo the same
transformation
Hr −→ q (Hr + I)α† − I, (6.49)
Hl −→ q (Hl + I)α† − I. (6.50)
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Written in components (4.31), these equations reads
φr1 −→ q11 (φr1 + 1)e−iα + q12 φr2 e−iα − 1, (6.51)
φr2 −→ q21 α(φr1 + 1)e−iα + q22 φr2 e−iα − 1, (6.52)
where qij denote the components of the quaternion q. In matricial form, these equations are
nothing but 6.48.
The transformations (6.48) are similar to those of the Higgs doublet in the Standard Model
(see e.g. [22, Prop. 11.5]). In the twisted version of the Standard Model, we thus obtain
two Higgs fields, acting independently on the left and right components of the Dirac spinors.
However, as we already mentioned, the two have no individual physical meaning on their own,
since they only appear in the fermionic action through the linear combination h = (Hr +Hl) /2.
Therefore there is actually only one physical Higgs doublet in the twisted case as well.
To conclude, we check that the components of the off-diagonal 1-form AM are gauge invariant.
Proposition 6.6. Under a gauge transformation induced by a twist-invariant unitary u, the real
fields σr, σl parameterising a self-adjoint off-diagonal 1-form AM (proposition 4.5) are invariant.
Proof. The result amounts to show that AM is invariant under the gauge transformation
AM −→ ρ(u)
[
γ5 ⊗DM , u†
]
ρ
+ ρ(u)AMu
†. (6.53)
Since u = ρ(u) by hypothesis, the twisted-commutator in the expression above coincides with
the usual commutator
[
γ5 ⊗DM , u†
]
which is zero by (3.2). From the explicit forms (4.32) of
AM and (6.8) of u, one has
uAMu
† =
(
ACB†
BDA†
)
. (6.54)
From (4.34), one checks that ACB† has components
ArCrB
†
r = σr Ar Ξ
Jβ
Iα B
†
r = σrΞ
Jβ
Iα , (6.55)
AlClB
†
l = σl AlΞ
Jβ
IαB
†
l = σlΞ
Jβ
Iα , (6.56)
where we use the explicit forms (6.10)-(6.12) of A,B to get Ar Ξ
Jβ
Iα B
†
r = eiα Ξ
Jβ
Iα e
−iα = ΞJβIα ,
and similarly for (6.56). Hence uAMu† = AM , and the result.
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Appendix
A.1 Dirac matrices and real structure
Let σj=1,2,3 be the Pauli matrices:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.1)
In four-dimensional euclidean space, the Dirac matrices (in chiral representation) are
γµE =
(
0 σµ
σ˜µ 0
)
, γ5E := γ
1
E γ
2
E γ
3
E γ
0
E =
(
I2 0
0 −I2
)
, (A.2)
where, for µ = 0, j, we define
σµ := {I2,−iσj}, σ˜µ := {I2, iσj}. (A.3)
On a (non-necessarily flat) riemannian spin manifold, the Dirac matrices are linear combi-
nations of the euclidean ones,
γµ = eαµγ
α
E (A.4)
where
{
eαµ
}
are the vierbein, which are real fields on M. These Dirac matrices are no longer
constant onM. This is a general result of spin geometry that the charge conjugation commutes
with the spin derivative (see e.g. [22, Prop. 4.18]). For sake of completness, we check it explicitly
for a four dimensional riemannian manifold:
Lemma A.7. The real structure satisfies
J γµ = −γµJ , Jωsµ = ωsµJ , J∇sµ = +∇sµJ . (A.5)
Proof. Let us first show that J anticommutes with the euclidean Dirac matrices,{J , γµE} = 0. (A.6)
From the explicit forms (2.33) of J , this is equivalent to
γ0E γ
2
E γ¯
µ
E = −γµEγ0E γ2E (A.7)
which is true for µ = 0, 2 since then γ¯µE = γ
µ
E anticommutes with γ
0
Eγ
2
E , and is also true for
µ = 1, 2 in which case γ¯µE = −γµE commutes with γ0Eγ2E .
Since the spin connection is a real linear combination of products of two euclidean Dirac
matrices, it commutes with J . The latter, having constant components, commutes with ∂µ,
hence also with the spin covariant derivative ∇µ.
These results hold as well in the curved case, for then one has from (A.4)
{J , γµ} = eαµ {J , γαE} = 0. (A.8)
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A.2 Components of the gauge sector of the twisted fluctuation
The components of the free twisted fluctuation of proposition 5.8 are Zrµ = δt˙s˙(Z
r
µ)
Jβ
Iα given by
(we invert the order of the lepto-colour and flavour indices in order to make the comparison with
the non-twisted case easier)
(Zµ)
01˙
01˙ = 2aµ, (A.9)
(Zµ)
02˙
02˙ = 2aµ + ig1Bµ, (A.10)
(Zµ)
0b
0a = δ
b
a (w
µ − aµ) + i
(
δba
g1Bµ
2
− g2
2
(Wµ)
b
a
)
, (A.11)
(Zµ)
j1˙
i1˙
=
(
aµδ
j
i + (gµ)
j
i
)
− i
(
2g1Bµ
3
δji +
g3
2
(Vµ)
j
i
)
, (A.12)
(Zµ)
j2˙
i2˙
=
(
aµδ
j
i + (gµ)
j
i
)
+ i
(
g1Bµ
3
δji −
g3
2
(Vµ)
j
i
)
, (A.13)
(Zµ)
jb
ia =
(
δbawµδ
j
i − (gµ)ji
)
− i
(
δba
(
g1Bµ
6
δii +
g3
2
(Vµ)
j
i
)
+
g2
2
(Wµ)
b
aδ
j
i
)
, (A.14)
(Zµ)
J 2˙
I1˙
= (Zrµ)
J 1˙
I2˙
= 0. (A.15)
One then checks that
i

(Yµ)
j1˙
i1˙
(Yµ)
j2˙
i2˙
(Yµ)
jb˙
ia˙

β
α
=

−i
(
2g1Bµ
3 δ
j
i +
g3
2 (Vµ)
j
i
)
i
(
g1Bµ
3 δ
j
i − g32 (Vµ)ji
)
−i
(
δba
(
g1Bµ
6 δ
i
i +
g3
2 (Vµ)
j
i
)
+ g22 (Wµ)
b
aδ
j
i
)

β
α
coincides with the matrix Aqµ of the non-twisted case [14, eq. 1.733], while
i
(Yµ)01˙01˙ (Yµ)02˙02˙
(Yµ)
0b˙
0a˙

β
α
=
0 ig1Bµ
i
(
δba
g1Bµ
2 − g22 (Wµ)ba
)

β
α
coincides with the matrix Alµ [14, eq. 1.734].
A.3 Twisted first order condition
For a twisted spectral triple, there is a natural twisted version of the first order condition 2.13
that was introduced in [18] and whose mathematic pertinence has been investigated in details
in [19, 20], namely
[[D, b]ρ, a
◦]ρ◦ = 0 a, b ∈ A. (A.16)
One knows from [19] that the minimal twist of the spectral triple of the Standard Model
defined in §3 does satisfy the twisted first-order condition (A.16). Yet it is instructive to check
it explicitly for γ5 ⊗DY , especially to then compare with the twist used in [18].
Proposition A.8. One has[[
γ5 ⊗DY , b
]
ρ
, a◦
]
ρ◦
= 0 a, b ∈ A. (A.17)
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Proof. From lemma 4.1 and (3.17) one has
[[
γ5 ⊗DY , b
]
ρ
, JaJ−1
]
ρ◦
= −
([
S, M¯
]
ρ◦ 0
0 0
)D
C
. (A.18)
In tensorial notations[
S, M¯
]
ρ◦ = δ
t˙
s˙
[
ηus (D0)
Jγ
Iα R
tβ
uγ , M¯
tβJ
sαI
]
ρ◦
− δt˙s˙
[
ρ(R)uγsαη
t
u(D0)
Jβ
Iγ , M¯
tβJ
sαI
]
ρ◦
. (A.19)
The right hand side of (A.19) is (omitting the indices s˙, α, I)(
D0Rr
−D0Rl
)t
s
(
M¯r
M¯l
)t
s
−
(
M¯l
M¯r
)t
s
(
D0Rr
−D0Rl
)t
s
−
−
(
RlD0
−RrD0
)t
s
(
M¯r
M¯l
)t
s
+
(
M¯l
M¯r
)t
s
(
RlD0
−RrD0
)t
s
=
=
(
D0RrM¯r − M¯lD0Rr −RlD0M¯r + M¯lRlD0
−D0RlM¯l + M¯rD0Rl +RrD0M¯l − M¯rRrD0
)
.
(A.20)
From the explicit form (2.26) of D0, (3.11) of Ml/r and (3.25) of Rr/l, one checks that
D0RrM¯r = M¯lD0Rr =
(
0 k¯p′m¯′
kdm¯ 0
)
, RlD0M¯r = M¯lRlD0 =
(
0 k¯m¯′d′
km¯p 0
)
, (A.21)
so that the upper left term in (A.20) is zero. The same is true for the lower right term (the
formula are similar, just switch the primed quantities with the unprimed). Hence [S, M¯ ] = 0.
This shows that (A.18) vanishes, which is equivalent to the proposition.
In [18] the twist was not applied to the M3(C) part of the algebra of the Standard Model.
Only C⊕H was doubled and this yielded an action similar as the one used on the present paper
(modulo a change of notations, the representation (4.7) of [18] coincides with (3.9)). A genuine
generalisation of this twist consists in making two copies of M3(C) acting independently on the
left and right components of spinors, namely a ∈ A acts as in (3.8), but now Mr,l are given by
Mr =
(
m⊗ I4
)β
α
, Ml =
(
m′ ⊗ I4
)β
α
. (A.22)
Then lemma 4.1 no longer holds for the lower right term T is non necessarily zero (this is
because on the right hand side of (4.11) the first parenthesis now contains only m, and the right
parenthesis only m′, so that the cancellation (4.14) is no longer true). This adds a term in the
right hand side of (A.20), yielding a violation of the twisted first order condition. Actually,
even without this term, repeating the computation of proposition A.8 one arrives to the same
equation (A.20), but now Mr and Ml are independent, so they cannot cancel each other. The
only possibility for, say, the upper right term of (A.20) to be zero is that the terms in M¯r and
Ml cancel independently. But this does not happen for M¯r is factor of D0Rr −RlD0 which has
no reason to be zero since Rr and Rl are independent. Consequently, the twisted first order
condition is violated by the genuine generalisation of the twist of [18]. This motivates the use
of the twist by grading.
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